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  The arrival directions of ray paths between a sound source and a receiving array can be determined by beamforming the array-recorded
signals. And, when the array and the signal are well matched, directional resolution increases with increasing signal frequency. However, when
the environment between the source and the receivers is inhomogeneous, the recorded signal may be distorted and beamforming results may be
increasingly degraded with increasing signal frequency. However, this sensitivity to inhomogeneities may be altered through use of an
unconventional beamforming technique that manufactures higher frequency information by summing frequencies from lower-frequency signal
components via a quadratic (or higher) product of complex signal amplitudes. This presentation will describe frequency-sum beamforming, and
then illustrate it with simulation results and near-field acoustic experiments made with and without a thin plastic barrier between the source and
the receiving array. The experiments were conducted in a 1.0-meter-deep and 1.07-m-diameter cylindrical water tank using a single sound
projector, a receiving array of 16 hydrophones, and 100 micro-second signal pulses having nominal center frequencies from 30 kHz to 120
kHz. The results from frequency-sum beamforming will be compared to the output of conventional delay-and-sum beamforming for different
center frequencies. [Sponsored by ONR and NAVSEA]
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I. Introduction 

Beamforming techniques are commonly used in array signal processing to find the ray-path-arrival directions 
(see Steinberg 1976 or Ziomek 1995). In general, beamforming is a spatial filtering process intended to highlight the 
propagation direction(s) of array-recorded sound(s). When a remote source is near enough to the array or when the 
acoustic environment causes predictable reflections and scattering – for example in a known sound channel – simple 
beamforming may be extended to matched-field processing (MFP) and the location of the remote source may be 
determined (see Jensen et al. 1994). In this study, beamforming is used to localize a single sound source in the near 
field of a linear array, and the resulting output can be considered representative of the acoustic imaging point spread 
function of the array at the location of the source. 

Specialized beamforming techniques have been developed for applications in medical ultrasound imaging to 
improve image quality. Conventional delay-and-sum beamforming is a traditional beamforming technique for 
ultrasound imaging (Karaman et al. 1995). Here the spatial filtering is linear because the received field is filtered 
using weights that depend only on environmental factors and the receiving array’s geometry. More recent research 
has shown that the minimum-variance adaptive beamforming can improve image quality compared to delay-and-
sum beamforming (Synnevag et al. 2007, Holfort et al. 2009). In this case the spatial filtering is nonlinear because 
the received field is filtered using weights that depend on environmental factors, the receiving array’s geometry, and 
the received field.  

The purpose of this paper is introduce an alternative nonlinear means to increase the resolution of near-field 
beamforming and show that this alternative is robust in acoustic environments that contain weak inhomogeneities. 
The proposed alternative, frequency-sum beamforming, involves linear spatial filtering of a nonlinear (quadratic or 
higher) product of complex received-field amplitudes. It is the intellectual complement of frequency-difference 
beamforming (Abadi et al. 2012). The extension of the current research effort to nonlinear spatial filtering of a 
nonlinear product of the received field is under investigation at the time of this writing and results for such doubly-
nonlinear acoustic arrary signal processing may be shown at the actual presentation of this paper. 

The remainder of this paper is divided into four sections. The next section presents the mathematical formulation 
of frequency-sum beamforming. The third section presents results from simulated acoustic propagation in an ideal 
free-space environment using a single point source and a receiving array of 16 hydrophones. The fourth section 
presents frequency-sum beamforming results from acoustic propagation measurements made in a 1.0-meter-deep 
and 1.07-m-diameter cylindrical water tank with an array of 16-hydrophones and a single sound source projector, 
with and without a thin cast acrylic barrier between the source and the receiving array. The final section summarizes 
this research effort, and states the conclusions drawn from it. 

II. Frequency-Sum Beamforming

Frequency-sum beamforming is an unconventional beamforming technique that manufactures higher frequency 
signal information by summing frequencies from lower-frequency signal components. It is intended for acoustic 
environments where a free-space propagation model is expected to be useful but perhaps slightly imperfect. For the 
near-field acoustic imaging geometry shown in Fig. 1, the environment’s Green’s function is approximately: 

G(
�
rj,
�
rs,ω) =

exp iω
�
rj −
�
rs c{ }

4π
�
rj −
�
rs

 ,    (1)

where �rs  is the source location, �rj  is a receiver location, and c  is an appropriate average sound speed since 
inhomogeneities may cause mild variations in sound speed. 
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FIGURE 1. This is the generic geometry. A linear recording array receives signals broadcast by a near-field sound source. The 
origin of coordinates coincides with the center of the array and the array elements lie along the x-axis. 

Thus, the temporal Fourier transform, Pj (ω) , of the signal recorded at the jth receiver (1 ≤ j ≤ N), can be modeled as: 

Pj (ω) = S(ω)G(
�
rj,
�
rs,ω) = S(ω)

exp iω
�
rj −
�
rs c{ }

4π
�
rj −
�
rs

, (2)

where S(ω) is the Fourier transform of the broadcast signal. The conventional narrowband near-field delay-and-sum 
beamforming output B1(

�
r,ω) at temporal frequency ω is

B1(
�
r,ω) =

1

Ψ1

Pj (ω)exp −iω
�
r −
�
rj c{ }

j=1

N

∑
2

 ,   (3)

where 
�
r  is the search location, and Ψ1 is a normalization factor that can be chosen in variety of ways. The 

resolution (or transverse spot size) of such conventional beamforming is proportional to c ωL , where L is the 
dimension of the array perpendicular to the average source-array direction. Thus, higher frequencies hold the 
promise of higher resolution acoustic imaging.  

Frequency-sum beamforming increases the resolution of B1 from (3) by manufacturing a higher frequency from a 
quadratic or higher field product that is used in place of Pj (ω)  in (3). For example, consider two nearby frequencies, 
ω1 = ω0 + Δω and ω2 = ω0 – Δω, that lie in the signal’s bandwidth, and form the quadratic product: 

Pj (ω1)Pj (ω2 ) = S(ω1)S(ω2 )G(
�
rj,
�
rs,ω1)G(

�
rj,
�
rs,ω2 ) = S(ω1)S(ω2 )

exp i2ω0

�
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�
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16π 2 �rj −
�
rs

2
. (4) 

The phase of the final form in (4) depends on the sum frequency 2ω0. Thus, the quadratic field product 
Pj (ω1)Pj (ω2 )  = Pj (ω0 + Δω)Pj (ω0 − Δω)  can be used for beamforming at this higher frequency, 

B2 (
�
r,ω0 ) =

1

Ψ2

Pj (ω0 + Δω)Pj (ω0 − Δω)exp −i2ω0

�
r −
�
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N

∑
2

,          (5) 

in the hope of obtaining an acoustic image of the source with twice the resolution of B1 from (3) evaluated at ω0. 
Here, Δω might be zero or it might be the frequency increment between neighboring complex amplitudes calculated 
from a fast-Fourier transform (FFT) of the array-recorded signals. In general, Δω should be chosen to optimize the 
beamformed output, but such an optimization effort is not considered here. 

The quadratic nonlinearity that leads to B2 is readily extended to higher powers of the recorded field. For 
example, a fourth-order nonlinear field product can be constructed as follows:  

B4 (
�
r,ω0 ) =

1

Ψ4

Pj (ω0 + 2Δω)Pj (ω0 + Δω)Pj (ω0 − Δω)Pj (ω0 − 2Δω)
j=1

N

∑ exp −i4ω0

�
r −
�
rj c{ }

2

.                 (6) 

This construction should have four times the resolution of B1 from (3) evaluated at ω0 since the sum frequency 
manufactured by the nonlinear product is 4ω0. Again, Δω can be chosen to be zero or set to another appropriate 
value. The subscripts 1, 2, and 4 in (3), (5), and (6), respectively, denote the number of the complex field amplitudes 
used in the beamforming. 

In the next two sections, results from (3), (5), and (6) are compared using simulated and measured acoustic signal 
pulses. For all the results in the following section, ω0 is the signal’s center frequency, Δω is the frequency difference 
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between FFT samples, and Ψi (i = 1, 2, or 4) is the maximum value of the beamformed output. This choice for the 
normalization factors in (3), (5), and (6) allows B1, B2, and B4 to be plotted in decibels with 0 dB being the 
maximum beamformed value. 

III. Results from Simple Propagation Simulations

To investigate the best possible performance of frequency-sum beamforming, simple simulations of a point 
sound source in free space were undertaken. The simulated signals and source-array geometry mimic those of the 
water tank experiments described in the next section. The coordinate system used is shown in Fig. 1, and the array 
and source lie in the plane defined by z = 0. The sound source was located at �rs  = (xs, ys, zs) = (–0.5 cm, 30 cm, 0).
The linear array was composed of 16 elements spaced 3.81 cm apart along the x-axis. For this simple geometry and 
free-space environment, (3), (5), and (6) are equivalent to spherical-wave beamforming. The broadcast signals were 
100 micro-second-duration, Gaussian-shaded, sinusoidal pulses having center frequencies of 30 kHz, 60 kHz, and 
120 kHz. In fresh water with a nominal sound speed of 1480 m/s, the corresponding center-frequency wavelengths 
are 4.9 cm, 2.5 cm, and 1.2 cm, respectively. Thus, the fixed-geometry array becomes sparse as the center frequency 
increases. 

Simulation results for B1, B2, and B4 are shown in Figs. 2 and 3. Conventional beamforming results for B1 from 
(3) at the 30 kHz, 60 kHz, and 120 kHz are shown in the three panels of Fig. 2. A white cross marks the source 
location in each panel. As expected, the beamformed output reaches a maximum at the source location, and the 
resolution improves (the image spot size shrinks) with increasing frequency. However, increased resolution is 
accompanied by an increasing number and prevalence of side lobes. At still higher frequencies, such side lobes 
increase in amplitude, move closer to the source, and may cause ambiguity in the source location. Figure 2 shows 
the ideal-case side lobes for the three center frequencies of this study. As will be seen in the next section, 
inhomogeneity in the environment further increases the number and/or prominence of side lobes. 

FIGURE 2. Simulated beamforming output for B1 from (3) at 30 kHz (a), 60 kHz (b), and 120 kHz (c). The colors scale is in 
decibels. The actual source location is marked with a white cross. As expected, the spot size at the source location 
decreases and the side lobes become more numerous and prominent with increasing frequency. 

Figure 3 shows a comparison of frequency-sum and conventional beamforming results when the sum frequency 
and the signal center frequency are 120 kHz. Figure 3(a) is B4 from (6) using the 30 kHz signal. Figure 3(b) is B2 
from (5) using the 60 kHz signal. And, Fig. 3(c) is B1 from (3) using the 120 kHz signal [it is the same as Fig. 2(c)]. 
The three panels of Fig. 3 are nearly identical and this clearly shows that frequency-sum beamforming can be used 
to improve the resolution of acoustic source images under ideal conditions. Here, frequency-sum beamforming using 
ideal 30 kHz signals has been used to generate localization (imaging) results having the same resolution as 
conventional beamforming of ideal 120 kHz signals. 
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FIGURE 3. Same as Fig. 2 except (a) shows B4 from (6) using the 30 kHz signal, and (b) shows B2 from (5) using the 60 kHz 
signal. The three panels are essentially identical and this shows that frequency-sum beamforming can be used to 
improve the resolution of acoustic source images under ideal conditions. 

IV. Results from Water Tank Experiment

This section provides frequency-sum beamforming results from experimental measurements made in a 1.0-
meter-deep and 1.07-m-diameter cylindrical water tank using a single sound projector, and a receiving array of 16 
hydrophones in the same geometry as the simulations described in §III. In all the experiments, the data acquisition 
rate was 1.0 MHz per channel, and the recorded time series were truncated before any first reflections arrived at the 
receiving array. Figure 4 is a picture of the experimental setup. 

FIGURE 4. Picture of the experimental setup looking down into the 1.07-m-diameter cylindrical water tank. The linear 
horizontal array is shown near the center of the picture. It is held by a wire mesh supported by brass bars. The 
sound projector is at the end of the vertical rod that is closer to the bottom of the picture. The isolated black dot at 
the bottom of the tank is its drain hole. A spare (reference) hydrophone is to left and below the projector.  

Two experimental configurations were considered. The first does not include any additional environmental 
inhomogeneity and is described first below. The second includes a cast acrylic barrier with 3 mm thickness 
nominally-located halfway between the projector and the receiving array and oriented perpendicular to the y-axis. In 
both configurations, acoustic scattering from the hydrophones and the array holder caused the recorded signals to 
deviate from ideal, and these deviations became more prevalent with increasing signal frequency. Thus, even 
without the barrier the acoustic environment was inhomogeneous. 
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A. Experimental results without a barrier 

Figures 5, 6, and 7 show experimental waveforms from each array element for the broadcast pulses with center 
frequencies of 30 kHz, 60 kHz, and 120 kHz respectively, and are provided to show how environmental 
inhomogeneities influenced the experimental signals. The data are presented as waterfall plots with element number 
and signal amplitude on the vertical axis and time (in seconds) on the horizontal axis. The displayed time histories 
are one millisecond long. The lowest time trace in each plot is the computer-generated signal waveform. As the 
signal center frequency increases, the scattering interaction between hydrophones and the array holder increases and 
generates weak late-arriving signal tails and, at the highest frequency (Fig. 7) this interaction causes serious 
modulation of the received signals. Such modulation was not present when the only two objects in the water tank 
were the sound projector and a single receiving hydrophone. 

FIGURE 5. Water fall plot of recorded signals for the broadcast signal with 30 kHz center frequency. The lowest waveform, 
labeled Output Signal, is the intended broadcast pulse.�

FIGURE 6.  Same as Fig. 5 for the broadcast signal with 60 kHz center frequency..�

FIGURE 7. Same as Fig. 5 for the broadcast signal with 120 kHz center frequency.�

Experimental beamforming results for B1 from (3) at the three frequencies are shown in Fig. 8, and these results 
should be compared to each other and to the results shown in Fig. 2. Here the white cross marks the hand-
metrology-determined location of the sound source, and it has an uncertainty of ±0.5 cm. When side lobes are 
ignored, the source localization (or imaging) is acceptable in all three cases. However, when compared to the ideal 
results in Fig. 2, the side lobes in Fig. 8 are slightly more prominent at 30 kHz and 60 kHz, and clearly more 
prominent at 120 kHz. 
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FIGURE 8. Same as Fig. 2, except these are experimental results and the white cross has a ±0.5 cm uncertainty in each 
coordinate direction. 

Figure 9 shows experimental frequency-sum beamforming results for the same data used for Fig. 8. These panels 
should be compared to each other and to the simulation results in Fig. 3. Figure 9(a) is B4 from (6) using the 30 kHz 
signal. Figure 9(b) is B2 from (5) using the 60 kHz signal. Figure 9(c) is B1 from (3) using the 120 kHz signal [it is 
the same as Fig. 8(c)]. Again, in all three cases, the beamforming resolution, as determined by the size of the focal 
spot, is comparable and the source localization (or imaging) is acceptable when side lobes are ignored. However, the 
prevalence of side lobes in Fig. 9 shows an interesting trend. The visual ranking from least to most prominent side 
lobes is Fig. 9(a), Fig. 9(b), then Fig. 9(c). This ranking is interesting since it implies that frequency-sum 
beamforming is more robust in mildly inhomogeneous environments than conventional linear beamforming at the 
sum frequency. 

FIGURE 9. Same as Fig. 3, except these are experimental results and the white cross has a ±0.5 cm uncertainty in each 
coordinate direction. 

B. Experimental results with a plastic barrier 

Here the experiment has been repeated with a 3 mm cast acrylic barrier located between the sound source and 
receiving array. Two experimental geometries were considered, �rs  = (–0.5 cm, 30 cm, 0) and �rs  = (28.6 cm, 30 cm,
0), and the results from these source locations are shown in Figs. 10 and 11, respectively. Here, the barrier added to 
the environmental inhomogeneity already provided by the hydrophones themselves and the array holder. Figure 
10(a) shows B2 using the 60 kHz signal, and Fig. 10(b) shows B1 using the 120 kHz signal. Here B2 correctly 
localizes the source with lower side lobes while B1 fails to localize the source and side lobes dominate the 
beamformed output. 
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FIGURE 10. Comparison between frequency-sum beamforming, B2 using the 60 kHz signal (a), and conventional beamforming, 
B1 using the 120 kHz signal (b), using experimental data collected with the 3 mm plastic barrier in place when the 
source is located at (–0.5 cm, 30 cm, 0).  

Figure 11 shows similar results to those in Fig. 10 when the source is located at (28.6 cm, 30 cm, 0). Here the 
effect of the barrier has been increased because of the larger average incidence angle for the source-array ray paths. 
Here, frequency-sum beamforming is again superior; B2 correctly localizes the source with lower side lobes while B1 
again fails to localize the source and side lobes dominate the beamformed output. 

FIGURE 11. Same as Fig. 10 except the source is located at (28.6 cm, 30 cm, 0). 

IV. Summary and Conclusions

This study has explored the performance of frequency-sum beamforming with simulated and experimental 
acoustic propagation data when there are mild inhomogeneities in the acoustic environment. This study shows that 
frequency-sum beamforming is potentially useful in environments that approach free-space conditions. First, 
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frequency-sum beamforming manufactures higher frequency signal information that leads to higher resolution 
source localization peaks in spherical wave beamforming output than is possible when directly using the source 
signal. Second, frequency-sum beamforming reduces side lobes at the sum frequency compared to conventional 
beamforming at the same frequency. Hence, it may be valuable for improving source localization estimates and 
acoustic image quality. The results provided here show that frequency-sum beamforming that manufactures 120 kHz 
signal information from 30 kHz and 60 kHz measurements is superior to conventional beamforming at 120 kHz in 
the same acoustic environment. And third, the preliminary results presented here might be further improved by more 
sophisticated choices of the signal frequencies that are summed, and by use of nonlinear spatial filter weights. 
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